International Journal of Engineering, Science and Mathematics

Vol. 9 Issue 4, April 2020,

ISSN: 2320-0294 Impact Factor: 6.765

Journal Homepage: http://www.ijesm.co.in, Email: ijesmj@gmail.com

Double-Blind Peer Reviewed Refereed Open Access International Journal - Included in the International Serial Directories Indexed &
Listed at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A

SECOND ORDER PERTURBED RANDOM DIFFERENTIAL EQUATION
D. S. PALIMKAR
Department of Mathematics,
Vasantrao Naik College, Nanded
PIN-431603 (M.S.) INDIA

ABSTRACT : In this paper ,we investigate the second order nonlinear perturbed
functional random differential equation. Prove the existence of random solution through

Leray- Schauder fixed point theorem.
AMS Subject Classification:34F05,47H40 .

KEYWORDS: Perturbed functional random differential equation, random fixed point
theorem, random solution, caratheodory condition.
1. STATEMENT OF PROBLEM

Let R denote the real line. Let I,=[-r,0] and I =[0,a] be two closed and
bounded intervals in R for some real numbers r and a with r >0 and a>0. Let

C =C(l,,R) denote the space of all condtinuous real valued functions on |, equipped

with the ||.||. defined by
| Xllc=§ulp| x(0) |

Given a measurable space (€2, A) and a given a history function ¢:Q — C(l,,R),

We consider the following second order perturbed functional random differential
equation (PFRDE)

X"(t,m) = f(t,x (@), @)+ 9(t, X (), ®) + h(t, X (), w), aetel,weQ.
X(t, o) =¢,(t, 0), X'(t,0) =g, (t, 0) ,t .

For all e Q, where f,g:1xCxQ — Rand the function x, :Q — C(l,,R) is defined by

(1.1)

X (@) =x(t+6,0),-r<0<0, foreach tel.
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By a random solution of PFRDE (1.1) we mean a measurable function

x:Q—>C(J,R)nC(l,,R)nAC(I,R) that satisfies the equation (1.1) on J, wher

AC(J,R)is the space of all absolutely continuous real valued functions on J.
The study of nonlinear perturbed differential equation and nonlinear integral equations of
mixed type has bcen made by Burton and Kirk [1] and Dhage [3] by using the fixed point
theorems of Leray-Schauder type.In this paper we shall use a random version of the Leray-
Schauder type principle Dhage [3] and study the nonlinear initial value problems of
perturded functional random differential equations of second order for different aspects of
the solutions under suitable conditions.

2. EXISTENCE RESULTS
let (Q, A) denote a measurable space. X a separable Banach space. Let S, be a o-
algebra of all Borel subsets of X.
Let T:X —> X.T is called a contraction if there exists a constant a<1 such that,
ITX-Ty|<ea||x-y]| for all x,ye X.A random operator T:QxX — X is called
contraction (resp. compact totally bounded and completely continuous) if T(w) is
contraction (resp. compact, totally bounded and completely continuous ) for each Q.
We use the following the fixed point theorems[3].
Theorem 2.1. Let A,B:Qx X — X be two random operator satisfying for each w € Q,

(@) A(w) is contraction,

(b) B(w) is completely continuous and

(c) The set e ={u:Q — X | A(w)u + B(w)u = au} is bounded for all a>1. Then the

random equation.
A(w)x+ B(@w)x =X (2.1)
has a random solution.

Theorem 2.2. Let A,B: X — X be two operators such that :

(a) A is linear and bounded, and there exists a P € N such that A” is a nonlinear

(b) B is completely continuous.
Then either

(i) The operator equation Ax+ ABx =X has a solution for 4 =1 or

(i) Theset e ={ue X | Au+ABu—-u,0< A <1} is unbounded.

Theorem 2.3. Let A,B:Qx X — X be two random operator satisfying for each w € Q,
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(@) A(w) is linear and bounded, and there exists a PN such that A" is a nonlinear
contraction,

(b) B(w) is completely continuous and
(c) The set ¢ ={u e X | A(w)u + A(w)u =u} is bounded for every measurable function
A:Q— R with 0< A(w) <1.

Then the operator equation
A(@w)x+ B(@)x = x
has a random solution.
As a theorem 2.2, we obtain.

Corollary 2.1. Let A,B:Qx X — X Dbe two random operator satisfying for each o € Q,

(@) A(w) is contraction,

(b) B(w) is completely continuous and

(c) Theset £ ={u e X | A(w)u + AB(w)u =u} is bounded for each 1 € (0,1).
Then the random equation (2.1) has a random solution.

We need the following definition.

Definition 2.1. A function #:JxCxQ — R s said to be w -caratheodory if for each

weQ

(1) t— f(t,x,w) is measurable for all xeC. and

(i) x — f(t, x,®) is continuous for almost everywhere t € J.
Further a o -caratheodory function £ is called L' - Caratheodory if
(iii)  For each real number k >0 there exists a function h, : QQ— L'(J,R) such that
| B(t, X, w) < h (t,w).aete]
For all xeC with || x(@) || < k.

3.MAIN RESULT
We consider the following set of hypotheses.

(A) The function @ — f (t, x,®) is measurable forall tel and xeC.
(A,)) The function t — f (t, X, ®) is continuous for each @ € Q2, and there exists a
Function o :Q — L'(J,R), with | (@) ||, <1, such that for each weQ
| ft,x,0)-f(t,yo)<alt,w)-y(o)|. aetel

forall x,yeC.
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(A;) The function @ — g(t, X, ®) is measurable forall tel and xeC.
(A,) The function g is L - random caratheodory.
( A;) There exists a function y:Q — L'(J,R) with y(t,0) >0ae. teJ and a
Continuous nondecreasing function y :[0,0) — (0, ) such that.
| g(t, X, ®) +h(t, x, (w),w) |< y(t, @)w (| X(0)]|.) a e.tel forall xeC.
Theorem 3.1. Assume that hypotheses ( A ) — ( A;) hold. Further suppose that

| (@) ||, <1 and

2 @l (3.)
2 2+y(2)

Where
t
¢(@) =l ¢(@) llc +[ | f(5,0,0) | ds and (s, @) = max{a(s, @).7 (s, @)}
Then the PFRDE (1.1) has a solution on J.
Proof. LetX =C(J,R). Now the FRDE (1.1) is equivalent to the random integral
equation(RIE)

X(t, ) = ¢ (t, @) + 4 (t, @) t + I;(t—s) F(t,x,(@)ds + .[;(t—s)g(t,xs(a)),a))ds I;(t—s)h(t, X, (@), w)ds, aetel,
Define two operators A,B:JxCxQ — X by

Al@)X(t) = j; (t—s)f(t,x (w)ds, aetel, (3.2)
and

Bo)X(1) = ¢y () + (. o)t + [ (t-5)g(t X, (), @)ds+ [ (t-9)a(t. x, (@), @)ds, aetel,

(3.3)

Then the problems of finding the random solution of the perturbed FRDE (1.1) is just
reduced to finding the random solution of random equation
A(@)Xx(t) + B(w)x(t) = x(t),t € I in X. This further implies that the random fixed points of
the operator equation A(w)x + B(w)x = x are the random solution of the FRDE (1.1) on J.
We shall show that the operators A(w) and B(w) satisfying all the conditions of Theorem
2.1

Step | : First we show that A(w) and B(w) are random operators on X. Since

o —> f(t,x (o), )
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is measurable for each tel and xeC,and the integral on the right hand side of the
equation (3.2) is the limit of the finite sum of measurable function, the function

0 [ 1(t,% (@), w)ds
is measurable. Hence the operator A(w) is a random operator on X.

Again the function @ — ¢(t, w) is measurable for each t € |, and the integral
w—)jgg(t,xs(a)),a))ds,a)%L:h(t,xs(a)),a))ds

are measurable, therefore and the sum

¢0(t,w)+¢l(t,a))t+j; (t-s)g(t, xs(a)),a))ds+j; (t—s)h(t, x, (@), w)ds, aetel,

Is measurable in weQ for each t 1. Hence the operator B(w) is a random operator on

X.

Step Il : Next we show that A(w) is a contraction random operator on X. Let x,y e X.

Then by (A,),

| A@@)X(1) - A@)YO) H [,  (5,% (@), @)ds - [ (5, y,(), @)
<a(t,0) [ % (@) - (@)l
<l @(@) |1l x(@) - y(@) ll

Taking Supremum over t, we obtain
| Alw)x(t) = Alw) y(t) [I<]| (@) [| 21| X(0) — y(@) ||
For all x,yeX and weQ, where ||a(®)||,<1.This shows that A(w) is a contraction

random operator on X.

Step 111 : Now we shall show that the random operator B(w) is completely continuous
on X. First we show that B(w) is continuous on X. Using the dominated convergence

theorem and the continuity of the function g(t, x, @) in x, it follows that
B(@)x, (t) =¢O(t,a))+¢l(t,a))t+_[; (t—9)g(t, x (@), w)ds +j; (t—s)h(t, x (), ®)ds

- y(t,0) + (L o)+ [ (=)t X(@), w)ds + [ (t-9)h(t, X(w), w)ds

= B(w)X(t).
Forall tel.
Similarly,
| B(@)x, (1) [= ¢(t, ) = B(w) X(t)
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For all t € I,. This shows that B(w) is continuous random operator on X.

Next we show that B(w) is a totally bounded random operator on X. To finish, it is
enough to prove that {B(w)x, :ne N} is uniformly bounded and equicontinuous set in X.
Suppose that X, (t, @) is a bounded sequence in X. Then there is a real number r >0 such

that x, (t,w)<r , Yne N. Now

|B(@)x, (1) < max{] 40, ) | +] 4 (t, @)t [}+ [ (t-5) | 9(5,%,(5+6,), @) | ds + [ (t-5)| 9(5. X, (s + 6,0),0) | ds
<Ag(@)l +[; (s, w)ds

(@)l +[; . (s.0)ds
Ag(@) e+, @)l

Taking supremum over t, we obtain
| B(@)X, [l ¢(@) |l +1Ih (@)l :
Which shows that {B(@)X, : x € N} is uniformly bounded set in X.

Next we show that the set {B(@)X,:Xx e N} is an equicontinuous set. Let t,z e l. Then

| B(w)x(t) - B(w)x(7) <] jo‘ 9(s, x, (), w)ds — jo’ 9(s, X (), w)ds |+ j; h(s, X, (), &)ds — J'Orh(s, X, (@), w)ds |
<[la(s.x (@).0) 851+ [ 1 (s, (), 0) | ds|

<[ h (s )ds |

<P(t,0)-P(r, »)|.

Where p(t, ) = j; h (s, w)ds.

Since P is continuous on I, it is uniformly continuous on I. Therefore
| B(w)X(t) - B(w)x(z) |> 0ast — 7.
Again let t,z € |,. Then we have
| B(@)x(t) — B(w)x(7) |H ¢(t, ®) — (7, @) | > 0 ast — 7.

Similarly if tel and 7 € |, then we obtain

| B(@)x(t) - B(o)x(z) |-

(0t @) + 4t )~z @)+ (5. @)7) + [ (t-9) g5, X, (@), 0)5) + [ (t-9)N(s. X (), 0)ds)
4a(r, ) -4t o)t |+] | 9(5%,(0), @) ds+ [ (s, %, (0), )| ds

<9(r,0) ~4(t,0) | +[ (s, 0)ds
Now if |[t—7z|— 0O, thus we have 7 —0. as 7 — 0. so by continuity of ¢ and the integral,

it follows that.

4, (r,0)t — ¢ (t,w)t |ast —0
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And
['h.(s.@)ds > 0ast 0.

Therefore in all three cases we have
| B(@)x(t) — B(@w)Xx(z)|> 0ast —» 7.
Hence the set {B(®w)X, : X e N} is an equicontinuous in X. Thus the random operator B(w)

is completely continuous in view of Arezela-Ascoli Theorem.
Finally we show that the hypothesis (c) of Theorem 2.1 hold.
Let uee be arbitray. Then we have A(w)u(t)+ B(w)u(t) = Au(t,w); A >1 for all teJ.

Therefore
u(t, ®) = A ' [A(@)u(t) + B(w)u(t)]

For t eJ. Hence

u(t, @) |= ﬂl(¢0(t,a))+¢1(t,a))t+ [[ =91t x(@)ds + [ (t-9)g(t,x, (@), )ds + [ (t-9)h(t, x, (@), )
Henceif tel.

|u(t, @) <147 | max] ¢(0,0) || 4(t, @)}
#1272 (t-9) T (s.u, (), 0)ds | +] 27 [, (t-5)g(s.n, (@), @)ds[+] 2| [ t-)h(s,n, (@), w)ds|
<@l + |t £ (5,u.(@).0) 1 ds + [ [(t-9)] 9(5.u. (), @) | ds+ [ [t =) | n(s,u, (@), ) ds

< p(@)lle +, |t~ )1 T (s.n,(@), @)~ (5,0,)| ds

+[|t=9)|I £(5,0,@) | ds+ [ [t - )] (t ) (I, () [lc)ds

< 4(@) llc +], (s, ) [[u,(@) |

+11(s.0,0) | ds+ [ 7t @) (luy(@) l.)ds

<cy(@)+ [ (5,01, (@) e +w7 (I, (@) | )Ids.
Set o(t, ) =max, e[-r,t]|u(s,®)|. Then |u(t,o)|< o(t,®),Vte J and e Q,and there
isat” e[-r,t] such that

u(t,) S u(t’, ) = mex | u(t, ) |

For all @€ Q. Therefore forany te | we get
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0(t,0) = ¢, (@) + [} 7(5.0)[16.(@) e +¥(Iu, (@)l ]ds
<y (@) + [ (5, 0)[w(s, ) + (s, 0))]0s.

Let
m(t,s) = c, (o) + j; (5, @)[0(s, @) +y (s, ®))ds. t € 1.

Then we have o(t,w) <m(t,»),vtel and weQandm(0, X) =c,(w).
Differentiating w.r.t., t yields
m (t, @) = (1, w)[o(t, ) +y ((t, ©))]
<y, 0)[mt, @) +y(m(t, w))],tel.
Hence from above inequality we obtain
m (t, ®)
m (t, a)) +y(m(t, ))

<yt w)tel.

Integrating from O to t gives

t m (s, ) t
jo P o ds < jo ¥(s, w)ds

By change of the variable, we obtain

J‘m(s,m) dZ

t a © dz
R ——e < joy(s,a))ds < jo 7(s, w)ds < Lo(w) e

This implies that there exists a constant M () > 0 such that

m(t,w) <M (w),Vte Jand w € QL
Then we have

lu(t,w) | o(t,w) <m(t,w) <M (w),Vte Jand w € Q.
Then the set ¢ is bounded. Hence an application of Theorem 2.1 yields that the PFRDE
(1.1) has a solution on J. This completes the proof.
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